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[11:00-11:30] Beat notes and periodic signals 

When two sinusoidal signals 𝑥1(𝑡) = 𝐴1 cos(𝜔1𝑡 + 𝜙1) and 𝑥2(𝑡) = 𝐴2 cos(𝜔2𝑡 + 𝜙2) are 

multiplied together, the result contains the sum and difference frequencies: 

𝑥3(𝑡) = 𝐴sum cos((𝜔1 + 𝜔2)𝑡 + 𝜙sum) + 𝐴diff cos((𝜔2 − 𝜔1)𝑡 + 𝜙diff) 

Example: 

𝑥(𝑡) = cos(2𝜋10𝑡) sin(2𝜋1000𝑡) 

= (
𝑒𝑗2𝜋10𝑡 + 𝑒−𝑗2𝜋10𝑡

2
) (

𝑒𝑗2𝜋1000𝑡 − 𝑒−𝑗2𝜋1000𝑡

2𝑗
) 

=
1

4𝑗
(𝑒𝑗2𝜋1010𝑡 − 𝑒−𝑗2𝜋990𝑡 + 𝑒𝑗2𝜋990𝑡 − 𝑒−𝑗2𝜋1010𝑡) 

=
1

2
sin 2𝜋 1010𝑡 +

1

2
sin 2𝜋 990𝑡 

=
1

2
cos (2𝜋1010𝑡 −

𝜋

2
) +

1

2
cos (2𝜋 990 𝑡 −

𝜋

2
) 

 

Relationship between sinusoids and complex exponentials 

𝑒𝑗𝜃 = cos 𝜃 + 𝑗 sin 𝜃 𝑒−𝑗𝜃 = cos 𝜃 − 𝑗 sin 𝜃 

cos 𝜃 =
𝑒𝑗𝜃 + 𝑒−𝑗𝜃

2
 sin 𝜃 =

𝑒𝑗𝜃 − 𝑒−𝑗𝜃

2𝑗
 

 

 

A signal 𝑥(𝑡) is periodic with period 𝑇 if 𝑥(𝑡 − 𝑛𝑇) = 𝑥(𝑡) for any integer 𝑛. 

A periodic signal can have multiple periods. The smallest positive period is the 

fundamental period. The fundamental frequency is 𝑓0 is computed as 1/𝑇0 

[11:35-12:00] Fourier series 

Any periodic signal 𝑥(𝑡) can be synthesized by adding complex exponentials with 

harmonic frequencies 

𝑥(𝑡) = ∑ 𝑎𝑘𝑒𝑗2𝜋𝑘𝑓0𝑡

∞

𝑘=−∞

 

where 𝑓0 is the fundamental frequency. 
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Notice that  

𝑒𝑗2𝜋𝑘𝑓0𝑡 = cos(2𝜋𝑘𝑓0𝑡) + 𝑗 sin(2𝜋𝑘𝑓0𝑡) 

Thus, the real component is periodic, the imaginary component is periodic, and both 

have the same periodicity. 

A special case occurs with conjugate symmetric amplitudes 𝑎−𝑘 = 𝑎𝑘
∗ , where 𝑎𝑘 =

1

2
𝐴𝑘𝑒𝑗𝜙𝑘, which leads to real-valued 𝑥(𝑡) 

𝑥(𝑡) = 𝐴0 + ∑ 𝐴𝑘

∞

𝑘=1

cos(2𝜋𝑘𝑓0𝑡 + 𝜙𝑘) 

[12:00-12:50] Fourier series analysis and synthesis formulae 

The Fourier series coefficients 𝑎𝑘 can be computed from a periodic signal 𝑥(𝑡) by 

integration over one fundamental period 𝑇0: 

𝑎𝑘 =
1

𝑇0
∫ 𝑥(𝑡)𝑒−𝑗2𝜋𝑘𝑓0𝑡𝑑𝑡

𝑇0

0

(Fourier series analysis) 

A periodic signal can be synthesized by adding together complex exponentials 

weighted by the Fourier series coefficients 𝑎𝑘: 

𝑥(𝑡) = ∑ 𝑎𝑘𝑒𝑗2𝜋𝑘𝑓0𝑡

∞

𝑘=−∞

(Fourier series synthesis) 
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